Introduction {#Sec1}
============

The role that concurrent partnerships might play in the spread of HIV in sub-Saharan Africa is the subject of an ongoing debate. While simulation studies have shown the large impact that concurrency potentially has on the epidemic growth rate and the endemic prevalence of HIV (Kretzschmar and Morris [@CR24]; Morris and Kretzschmar [@CR31], [@CR32]; Eaton et al. [@CR12]; Goodreau [@CR14]), the empirical evidence for such a relationship is inconclusive (Lurie and Rosenthal [@CR28]; Reniers and Watkins [@CR34]; Tanser et al. [@CR36]; Kenyon and Colebunders [@CR21]).

Mathematical modelling results have played a key role in fuelling the debate (Watts and May [@CR38]; Kretzschmar and Morris [@CR24]; Morris and Kretzschmar [@CR31], [@CR32]; Eaton et al. [@CR12]; Goodreau [@CR14]). However, a mathematical framework suitable to derive analytical results is still lacking. At present, simulation studies prevail, and general theory is mainly focused on static networks (Diekmann et al. [@CR9]; Ball and Neal [@CR3]; House and Keeling [@CR17]; Lindquist et al. [@CR27]; Miller et al. [@CR30]; Miller and Volz [@CR29]). This motivated us to develop and analyse a mathematical model for the spread of an $\documentclass[12pt]{minimal}
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                \begin{document}$${ SI}$$\end{document}$ (*S*usceptible--*I*nfectious) infection along a dynamic network.

In a previous paper (Leung et al. [@CR26]) a model for a dynamic sexual network of a homosexual population is presented that incorporates demographic turnover and allows for individuals to have multiple partners at the same time, with the number of partners varying over time. This network model can be seen as a generalization of the pair formation models (that describe sequentially monogamous populations) to situations where individuals are allowed more than one partner at a time. Pair formation models were first introduced into epidemiology by Dietz and Hadeler ([@CR11]) and extended in various ways (Kretzschmar et al. [@CR25]; Inaba [@CR18]; Kretzschmar and Dietz [@CR23]; Xiridou et al. [@CR39]; Heijne et al. [@CR16]; Powers et al. [@CR33]). In the present generalization, individuals have at most $\documentclass[12pt]{minimal}
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                \begin{document}$$n$$\end{document}$ the partnership capacity. In the partnership network individuals are, essentially, collections of $\documentclass[12pt]{minimal}
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                \begin{document}$$n$$\end{document}$ 'binding sites' where binding sites can be either 'free' or 'occupied' (by a partner). In the case that $\documentclass[12pt]{minimal}
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                \begin{document}$$n=1$$\end{document}$ we recover the pair formation model of a monogamous population.

Consider an individual in the sexual network. Since individuals may have several partners simultaneously, the risk of acquiring infection depends on that individual's partners, but also on their partners, and so on. We would need to keep track of the entire network to fully characterize the risk of infection to an individual. Here we introduce an approximation rather than taking full network information into account: we assume that properties concerning partners of partners can be obtained by averaging over the population. This approximation is termed the 'mean field at distance one' assumption ('mean field at distance one' should be read as one term; from here on we write this without quotation marks). This assumption relates to what is called 'effective degree' in Lindquist et al. ([@CR27]), where transmission of infection along a static network is studied (we are, apart from Britton and Lindholm [@CR6]; Britton et al. [@CR7]), not aware of any analytical work so far, on disease transmission across dynamic networks with demography (see e.g. Altmann [@CR1], [@CR2]; Ferguson and Garnett [@CR13]; Bansal et al. [@CR4]; Kiss et al. [@CR22]; Miller and Volz [@CR29]) and references therein for models incorporating dynamic partnerships in a demographically closed population).

The mean field at distance one assumption is a moment closure approximation obtained by ignoring certain correlations between the states of two individuals that are in a partnership and, as a consequence, this assumption is inconsistent with the assumptions that underlie the partnership network (see e.g. Ferguson and Garnett [@CR13]; Kamp [@CR20]; House and Keeling [@CR17]; Taylor et al. [@CR37]) and references therein for different moment closure approximations on networks). However, this assumption allows us to write down a closed system of ODEs to describe an approximation of the $\documentclass[12pt]{minimal}
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                \begin{document}$$(n+1)(n+2)$$\end{document}$ dimensional system of ODEs.

A large part of the paper is devoted to characterizing the basic reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$ has an explicit expression. In fact, we are able to interpret $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$ in terms of individuals (which are considered in the model specification) and in terms of binding sites.

The structure of the paper is as follows. First, in Sect. [2](#Sec2){ref-type="sec"}, we consider the partnership network of Leung et al. ([@CR26]) and summarize the main results needed for this paper. Next, in Sect. [3](#Sec3){ref-type="sec"} we superimpose an $\documentclass[12pt]{minimal}
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In Sect. [5](#Sec16){ref-type="sec"}, which constitutes the core of the paper, we characterize $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ in terms of newly infected binding sites that produce newly infected binding sites. We introduce a transition matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ and a transmission matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$ and define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$-T\varSigma ^{-1}$$\end{document}$ (Diekmann et al. [@CR10], Section 7.2). The building blocks for an explicit expression for $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$ thus defined can be interpreted as the basic reproduction ratio for individuals, since individuals can be considered to be collections of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$ binding sites. Section [5](#Sec16){ref-type="sec"} can be read independently of the rest of the paper.
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                \begin{document}$$T+ \varSigma $$\end{document}$the linearised system derived in Sect. [4](#Sec13){ref-type="sec"} can be mapped in a natural way to the binding-site system defined by the matrices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$, while preserving positivity.The final Sect. [7](#Sec26){ref-type="sec"} provides conclusions and plans for future work. Some more technical calculations are left for the six appendices. In particular, in Appendix B we show with explicit calculations for the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=2$$\end{document}$ (suggested to us by Pieter Trapman (personal communication, 26 August, 2013)) that states of partners are not independent of one another, implying that the mean field at distance one assumption yields only an approximate and not an exact description.

The partnership network {#Sec2}
=======================

In this section we will give a summary of the specification of the partnership network and of the main results presented in Leung et al. ([@CR26]).

Consider a population of homosexual individuals---all with partnership capacity $\documentclass[12pt]{minimal}
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                \begin{document}$$n$$\end{document}$ binding sites. Binding sites are either 'occupied' (by a partner) or 'free'. We assume that *binding sites of an individual behave independently from one another* as far as forming and dissolving partnerships are concerned. Furthermore, individuals enter ('birth') and leave ('death') the sexually active population.

The model specification begins at the individual level. The state of an individual is given by $\documentclass[12pt]{minimal}
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Then, as long as the individual does not die, we have$$\documentclass[12pt]{minimal}
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**Lemma 1** {#d30e2132}
-----------
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There are two probability distributions that play a more important role in the characterization of $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$. The denominator serves to renormalise into a probability distribution.) This assumption gives us information on the state of an individual in a randomly chosen partnership, as expressed in the next lemma.

**Lemma 2** {#d30e3179}
-----------

Choose an individual by first sampling a partnership from the pool of all partnerships and next choosing one of the two partners at random. The probability that this individual has $\documentclass[12pt]{minimal}
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Note that Lemma 2 does *not* imply that the states of the two individuals in this partnership are independent of one another. Indeed, they are not. Information about the number of partners of one of the individuals provides some information about the duration of the partnership and thus influences the probability that the other individual has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$ partners (or, in other words, there exists degree correlation in this network); see Appendix B for explicit calculations for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=2$$\end{document}$. (We have, so far, not calculated degree correlations for general $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$.)

Note that the model specification is deterministic in the sense that it concerns expected values for a population of infinite size. Partnership formation is at random between two free binding sites. As a consequence of mass action and infinite population size, partnership formation with oneself or multiple partnerships with the same individual occur with probability zero. For the same reason clustering does not occur in the network. It should be possible to formulate a stochastic version for a population of size $\documentclass[12pt]{minimal}
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Finally, to summarize, we have three degree distributions, i.e. probability distributions for the number of partners of an individual, that we will use throughout this paper:$\documentclass[12pt]{minimal}
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Superimposing transmission of an infectious disease {#Sec3}
===================================================
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                \begin{document}$${ SI}$$\end{document}$ infection spreading on the dynamic sexual network described in Sect. [2](#Sec2){ref-type="sec"}. We assume that individuals become infectious at the very instant that they become infected and stay infectious (with the same infectiousness) for the rest of their life.

i-states and i-dynamics {#Sec4}
-----------------------

The model specification begins at the i-level (i for individual). We classify individuals as either susceptible (indicated by the symbol $\documentclass[12pt]{minimal}
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The state of an individual is now a triple $\documentclass[12pt]{minimal}
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### Demographic change of i-states {#Sec5}

Consider an individual and suppose it does not die in the period under consideration. There are two types of state transitions: those that contribute to demography and those that involve transmission of infection.
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The possible state transitions and corresponding rates that involve partnership formation, separation, and death of a partner are as follows:

### Transmission (mean field at distance one) {#Sec6}

Next, consider the transmission events. A susceptible having a binding site that is occupied by an infectious partner, gets infected by this partner at rate $\documentclass[12pt]{minimal}
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It is also possible that a partner $\documentclass[12pt]{minimal}
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Therefore, we assume that we can average over all possibilities (we call this 'mean field at distance one'). This assumption is an approximation that we make in order to close the infectious disease model within our limited bookkeeping framework; we will come back to this in more detail in Sect. [3.2.2](#Sec10){ref-type="sec"}. More concretely we assume that rates $\documentclass[12pt]{minimal}
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### i-level dynamics {#Sec7}

We have now described all i-states and the possible changes in i-states. The i-level dynamics are as follows. Newborn individuals are in state $\documentclass[12pt]{minimal}
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Bookkeeping on the p-level and feedback {#Sec8}
---------------------------------------

We have now specified the i-level dynamics. In this section we consider the p-level (p for population) and the feedback to the i-level via the variables $\documentclass[12pt]{minimal}
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### Bookkeeping {#Sec9}
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### Feedback {#Sec10}
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The p-level differential equations {#Sec11}
----------------------------------

In a deterministic description of a large population, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{(\pm ,k_-,k_+)}$$\end{document}$ denotes the fraction of the population in state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\pm ,k_-,k_+)$$\end{document}$ We take as the convention that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{(\pm ,k_-,k_+)}$$\end{document}$ should be interpreted as zero when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_-+k_+>n$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_-<0$$\end{document}$, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_+<0$$\end{document}$. By differentiation of ([12](#Equ12){ref-type=""}) and using ([10](#Equ10){ref-type=""})--([11](#Equ11){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p$$\end{document}$, we obtain the following set of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(n+1)(n+2)$$\end{document}$ differential equations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{dP_{(-,0,0)}}{dt}&=\mu -(\rho \bar{F} n+\mu )P_{(-,0,0)}+(\sigma +\mu )(P_{(-,1,0)}+P_{(-,0,1)})\\ \frac{dP_{(-,k_-,k_+)}}{dt}&=-\left( \rho \bar{F}(n-k_{-}-k_+)+(\sigma +\mu )(k_-+k_+)\right. \\&\quad \left. +\beta k_++\beta \varLambda _-k_-+\mu \right) P_{(-,k_-,k_+)}\\&+\rho F_-(n-k_{-}-k_++1)P_{(-,k_{-}-1,k_+)}\\&+\rho F_+(n-k_{-}-k_++1)P_{(-,k_-,k_+-1)}\\&+(\sigma +\mu )\left( (k_-+1)P_{(-,k_-+1,k_+)}+(k_++1)P_{(-,k_-,k_++1)}\right) \\&+\beta \varLambda _-(k_-+1)P_{(-,k_-+1,k_+-1)}\\ \frac{dP_{(+,k_-,k_+)}}{dt}&{=}{-}\left( \rho \bar{F} (n-k_{-}-k_+)+(\sigma +\mu )(k_-+k_+){+}\beta \varLambda _+k_-+\mu \right) P_{(+,k_-,k_+)}\\&+\rho F_-(n-k_{-}-k_++1)P_{(+,k_{-}-1,k_+)}\\&\quad +\rho F_+(n-k_{-}-k_++1)P_{(+,k_-,k_+-1)}\\&+(\sigma +\mu )\left( (k_-+1)P_{(+,k_-+1,k_+)}+(k_++1)P_{(+,k_-,k_++1)}\right) \\&+\beta \varLambda _+(k_-+1)P_{(+,k_-+1,k_+-1)}+\beta k_+P_{(-,k_-,k_+)}. \end{aligned}$$\end{document}$$Choose the same ordering of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$'s as before with the i-states in Sect. [3.2](#Sec8){ref-type="sec"} and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P$$\end{document}$ denote the corresponding vector of the variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_\ell $$\end{document}$. In matrix notation, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{dP}{dt}=\mu \mathbf {1}_{{(-,0,0)}}+B\left( F_\pm ,\varLambda _\pm \right) P-\mu P, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {1}_{{(-,0,0)}}$$\end{document}$ is the indicator function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${(-,0,0)}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$ is the matrix corresponding to the rates of the state transitions described in Sects. [3.1.1](#Sec5){ref-type="sec"} and [3.1.2](#Sec6){ref-type="sec"}.

### Consistency relations {#Sec12}
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We have assumed that the infectious disease has no influence on the partnership formation and separation or on the probability per unit of time of dying. Therefore, the disease-free partnership network is embedded in ([18](#Equ18){ref-type=""}) and the fraction of individuals in the population in state $\documentclass[12pt]{minimal}
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In this section we linearise system ([18](#Equ18){ref-type=""}) around the disease-free equilibrium. Next we show that we can reduce the dimension of the linearised system and consider only the variables $\documentclass[12pt]{minimal}
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Linearisation {#Sec14}
-------------

Note that the disease-free equilibrium is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P_{(-,k,0)}(t)=P_k, \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le k\le n$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_\ell (t)=0$$\end{document}$ for all triplets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ not of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-,k,0)$$\end{document}$.

Next, note that we can use relationship ([21](#Equ21){ref-type=""}) in order to replace $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_-$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{F}-F_+$$\end{document}$ (note that this last expression does not involve any variable of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{(-,k,0)}$$\end{document}$). Next, we can reduce the dimension of the system by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+1$$\end{document}$ by eliminating the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{(-,k,0)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=0,\ldots ,n$$\end{document}$, from the system using relation ([20](#Equ20){ref-type=""}).

Consider the differential equations for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{(-,k_-,1)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le k_-\le n-1$$\end{document}$, explicitly given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{dP_{(-,k_-,1)}}{dt}&={-}\left( \rho \bar{F}(n-k_{-}{-}1)+(\sigma +\mu )(k_-+1)+\beta +\beta \varLambda _-k_-+\mu \right) P_{(-,k_{-},1)}\\&+\rho (\bar{F}-F_+)(n-k_-)P_{(-,k_{-}-1,1)}+\rho F_+(n-k_-)P_{(-,k_-,0)}\\&+(\sigma +\mu )\left( (k_-+1)P_{(-,k_-+1,1)}+2P_{(-,k_-,2)}\right) \\&+\beta \varLambda _-(k_-+1)P_{(-,k_-+1,0)} \end{aligned}$$\end{document}$$(as one can verify by writing out the relevant part of ([18](#Equ18){ref-type=""})).
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Thus we deduce that the linearised system is given by

### *Remark 1* {#d30e12453}

In Lemma 3 below we will show that we can simplify expression ([24](#Equ24){ref-type=""}) to$$\documentclass[12pt]{minimal}
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Intuitively, one would expect that, in the linearisation, for $\documentclass[12pt]{minimal}
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### **Lemma 3** {#d30e12651}

In the linearised system ([25](#Equ25){ref-type=""}), if $\documentclass[12pt]{minimal}
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### *Proof* {#d30e12770}

We prove the lemma in four steps Step 1.Observe first that the differential equations for $\documentclass[12pt]{minimal}
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By exploiting that an individual can be considered as a collection of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$ binding sites that behave independently from one another as far as separation or acquiring a new partner is concerned and by using our mean field at distance one assumption, we are able to characterize $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ in terms of binding sites. In this section we only use the interpretation of the model and we do not use the system ([18](#Equ18){ref-type=""}) or its reduced linearisation ([26](#Equ26){ref-type=""}). We characterize $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ as the dominant eigenvalue of a next-generation matrix (NGM) that we construct using the interpretation of the model.

The entries in the NGM can be viewed as expected offspring values for a multi-type branching process (Jagers [@CR19]; Haccou et al. [@CR15]), with the two matrix-indices specifying the type at birth of, respectively, offspring and parent. Several slightly different branching processes may yield the same NGM and for the deterministic theory (which is what we deal with here) there is no need to choose one of these as 'the' underlying process. A branching process corresponding to the NGM is subcritical when $\documentclass[12pt]{minimal}
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Generalization of the transition and transmission matrix: $\documentclass[12pt]{minimal}
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Naively, motivated by Lemma 2, one would think (as we did at first) that the number of partners of a newly infected individual is $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------
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Recall that, using the mean field at distance one assumption, we have written down a system of differential equations to describe the transmission of the infectious disease across the dynamic network. We will refer to the system ([18](#Equ18){ref-type=""}) of differential equations for the fractions of the population of individuals in states $\documentclass[12pt]{minimal}
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Looking back and ahead {#Sec26}
======================

The overall aim of our research is to formulate and analyse models for the spread of an infectious disease across a network that is dynamic in the double sense that individuals come (by birth) and go (by death) and that links/partnerships are formed and broken. In particular our aim is to investigate the role of concurrency in the spread of sexually transmitted infections.

In Leung et al. ([@CR26]) we introduced a class of doubly dynamic network models that are relatively simple to describe, that involve just a few parameters, and for which one can calculate many statistics exactly in explicit detail. The next step, taken here, is superimposing the spread of an infection. In order to retain the simplicity, we again characterize individuals by their dynamic degree (i.e. the current number of their partners), but now include the disease status ($\documentclass[12pt]{minimal}
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Originally we thought that this was an assumption because we had not yet found a way to prove it. In a late stage Pieter Trapman pointed the way to the current Appendix B, showing that the assumption is inconsistent with the model itself. We then realised that, in essence, our bookkeeping scheme constitutes a first order description that we close by making the (inconsistent) mean field at distance one assumption. So the deterministic system studied here provides at best an approximation to the large system size limit of a stochastic model.
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There are a number of generalisations of the network model that are both useful and feasible. The extension to a heterosexual population requires only the distinction between males and females and some assumptions on the symmetry or asymmetry in rates and partnership capacity between the two sexes. We expect that all results presented here carry, mutatis mutandis, over to that situation. No doubt the model can also be extended to the situation that $\documentclass[12pt]{minimal}
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Other generalisations pertain to the description of infectiousness. An obvious example is a model with two consecutive stages $\documentclass[12pt]{minimal}
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The most stringent limitation of our framework is the assumption that having a partner does not influence an individual's propensity to enter into a new partnership or its contact rate in other ongoing partnerships. This is clearly at odds with reality (although equally clearly it is an impossible task to disentangle the manifold ways in which dependence 'works' in reality). Dependence destroys the basis on which our analytic approach rests.

Be that as it may, we view the work presented here as a first step towards a framework for studying the impact of dynamic network structure on the transmission of an infectious disease.
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Appendix B: Correlation between the states of two partners {#Sec28}
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In this appendix we use the interpretation to guide us in deriving explicit expressions for the $\documentclass[12pt]{minimal}
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We now consider the expected number of 'other' partners of an individual that just acquired a new partner in the following lemma.

**Lemma 7** {#d30e41933}
-----------
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*Proof* {#d30e42029}
-------
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**Lemma 8** {#d30e42740}
-----------
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-------
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**Lemma 9** {#d30e43322}
-----------

The equalities ([61](#Equ61){ref-type=""}) and ([62](#Equ62){ref-type=""}) hold.

*Proof* {#d30e43335}
-------
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